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FINITE CODING FACTORS OF MARKOV
GENERATORS

BY
M. RAHE

ABSTRACT

Using Thouvenot’s relativized isomorphism theory, the author develops a
conditionalized version of the Friedman-Ornstein result on Markov processes.
This relativized statement is used to study the way in which a factor generated
by a finite length stationary coding sits in a Markov process. All such factors
split off if they are maximal in entropy. Moreover, one can show that if a finite
coding factor fails to split off, it is relatively finite in a larger factor which either
generates or itself splits off.

1. Introduction

In the following we shall be concerned with an invertible measure preserving
transformation T acting on a probability space (X, %, u) which we take to be
isomorphic to the unit interval with Lebesgue sets and Lebesgue measure. P and
H are two measurable finite partitions of X, while (T, P) and (T, H) are the
associated stationary stochastic processes. We shall assume that P v H gener-
ates, i.e. that V2. T"(PvH)=(Pv H)>.= %.

Associated with a finite partition H, we shall consider two sub-o-algebras of
AB. We use the symbol o (H) to indicate the possibly non-T-invariant o-algebra
consisting of finite disjoint unions of sets in H. By the factor # = HZ. generated
by H we mean the smallest T-invariant sub-oa-algebra of # containing H and all
subsets of sets of measure zero. A fiber in & is the collection of all points in X
which share the same doubly infinite H-name. For a fixed version of probability
conditioned on ¥ and a fixed fiber h of ¥, we study the behavior of the
sequence {T'P}, i =---,—1,0,1,--- on h, viewed as a non-stationary process
that the partition P and the transformation T induce on it.
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It is known from the work of Friedman and Ornstein [1] that if (T, P) is a finite
state n-step Markov process which is mixing, then (T, P) satisfies a condition
called weak Bernoulli, which in turn implies that (T, P) is isomorphic to a
Bernoulli shift. Moreover, if such a process fails to be mixing, the structure is of a
simple type: (T, P) is isomorphic to the direct product of a Bernoulli shift with a
rotation on a finite number of points.

In (4] J.-P. Thouvenot showed that much of the Ornstein theory continues to
“hold when one examines the behavior of processes relative to an invariant sub-
o-algebra #. The result in the Thouvenot theory that corresponds to the
Friedman-Ornstein theorem is that a process which is n-step mixing Markov
relative to # is isomorphic to the direct product of (7, H) and a Bernoulli shift.

In the first part of this note we shall quickly sketch the conditionalized version
of the Friedman—Ornstein result. Following that development, we apply the
result to study the factors generated by finite codings of finite state n-step
Markov generators. Here, we say a partition P is an n-step Markov generator if
B = P=.and u(P|P=Ly= u(P|PL). By a finite coding of length | we mean a
partition H € Pg™' for some non-negative integer . When [ is one, we shall refer
to H as a clumping of P.

One of the motivations for studying such objects is the observation by J.-P.
Thouvenot that a clumping factor of an independent generator always splits off,
i.e., that there exists a finite partition B of X such that the sequence {T'B},
i=---,-1,0,1,---, is independent, BZ.1 HZ., and (B v H)Z.= 3. (This
result was communicated to the author by D. S. Ornstein.)

We remark in passing that in certain situations one can actually see the
“orthogonal complement” to #. For instance if the independent process is given
by rolling a six sided die and if we choose H ={A, B,C} with A ={1,2},
B ={3,4}, and C = {5,6}, then the factor given by the letter partition has as
complement the factor generated by the two set partition which chooses the even
or odd number of the clumping. On the other hand, the general result is
non-constructive and depends on the relativized isomorphism theory applied to
a situation where the non-stationary processes which (T, P) induces on the fibers
of # are independent ones.

This note is an attempt to extend Thouvenot’s result on clumping factors of
independent generators, both by considering more general finite codings and by
considering a more general kind of Markov generator than the independent
ones. In one direction, we are able to state that every clumping factor of a finite
state Markov process will split off, provided only that all transition probabilities
in the process are strictly positive. In the converse direction, an example is given
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of a clumping factor of a finite state mixing Markov process which fails to split off
when certain transitions are impossible.

For an arbitrary factor & which fails to split off, it is not known whether there
exists a factor § with F C ¢ where ¥ splits off. However in the example
presented, where the finite coding factor fails to split off, we observe the
following behavior: each fiber in the coding factor ¥ contains at most finitely
many fibers of another factor #. Further, the factor # generates. (We shall say
that % is relatively finite in 5.) We show that this case is the general one: if a
finite coding factor of a Markov generator fails to split off, the structure is quite
simple. First, each such coding factor is relatively finite in another factor.
Second, in this case we are able to show that the larger factor either generates or
itself splits off.

2. The relativized Friedman-Ornstein result

In the following we use usx to indicate a fixed version of conditional
probability with respect to the sub-o-algebra #.

DEerFiNITION.  We say that (T, P) is n-step Markov conditioned on # if
woe (P | PZL) = e (P | P71,

DerniTION.  We say that (T, P) is mixing conditioned on # if given any two
finite cylinder sets A, B in the (T, P) process we have that lim, .| ux(T"A N
B)— ps(T"A)usw(B)| =0 for all (mod 0) ¥ -fibers.

DErFINITION.  We say that two partitions ? and 2 are ¢-independent con-
ditioned on ¥ if Zacopeo|puw(A NB)— ux(A)ux(B)|=e (Notation:
(P L. 2)%.)

DermiTion.  We say that (T, P) is weak Bernoulli conditioned on ¥ if given
¢ >0 there exists a positive integer n and a set G with u(G)>1- ¢ of ¥ -fibers
for which (P2, L, P2*™), for all positive integers m.

DeriNITION.  Given a finite sequence {P, i = 1,2,-- -, n} of partitions on a
probability space (Z, p) and a finite sequence {R,, i = 1,2, -, n} of partitions
from a probability space (Y, o) we define

& APYARK) = jnf ™ 3 p[(PASTR)U G RAP),

where 4 is the class of all measure preserving transformations from Z to Y and
where we sum over corresponding sets in partitions.
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DEeFINITION.  We say that (T, P) is very weak Bernoulli conditioned on # if
given £ >0 there exists a positive integer n and a set G with u(G)>1-¢ of
¢ -fibers for which d, ({T'P l CH {T'P})<e on aset 4, of atoms CE P%,,Nh
with wx(€.)>1-¢. (The d, is measured using wx.)

LemMma 1. If (T, P) is n-step mixing Markov conditioned on ¥, then (T, P) is
weak Bernoulli conditioned on *.

Proor. For arbitrary integer ¢t let A'€ P~ A€P’,.,, BEP""', B'e
P Then by the Markov property we have that

2 lux(A'NANBNB)~px(A'NA)pux(BNB)

A,B A",

IIA

o b (AT[ ) (B'| B) 1x (A 0 B) = i (A)pix (B))]

égslw(A N B)— px (A)psx (B)].

Since this sum is finite, we may use the assumption of mixing to choose ¢ so large
that the sum is less than £ on a set G with u(G)>1—¢ of ¥-fibers.

Lemma 2. If (T, P) is weak Bernoulli conditioned on ¥, then (T, P) is very
weak Bernoulli conditioned on ¥.

Proor. By the weak Bernoulli property applied for n = £%/16 there is an n
and a set G with u(G)>1-1n for which (P2, 1. P, ™) for all m. We take
m >4n/e and get d,, {T'P l CY' {T'P}") < ¢ on aset €, of atoms CEP°, . Nh
with s (%6,)>1- ¢ for all #-fibers & in G.

The proof of the following lemma may be found in [5].

Lemma 3. If (T, P) is very weak Bernoulli conditioned on ¥, then (T, P) is
finitely determined conditioned on ¥*.

By Thouvenot’s relativized isomorphism theorem [4], if (T, P) is finitely
determined conditioned on # we have that & splits off with an orthogonal
Bernoulli complement. This result, along with the three previous lemmas,
constitutes the proof of the following theorem, which is a relativized version of
the Friedman-Ornstein result.

THEOREM 1. If (T, P) is n-step mixing Markov conditioned on ¥, then ¥ splits

off.
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3. Applications of the relativized Friedman-Ornstein result

In this section we examine the way that certain factors sit in an n-step Markov
process. (For more on the concept of how a factor “sits”, see [2].) The factors #
that we consider are those generated by finite coding partitions H € P{™'. The
way that the factors sit will be determined by whether or not they split off in the
full process, and also by whether or not they are relatively finite in a larger
factor.

We begin by observing that we can reduce the apparently more general case of
n-step Markov processes and [ length codings to a consideration of 1-step
Markov processes and clumpings. For suppose that (T, P) is an n-step Markov
process and that % = H>. with H € Pi™" where j <n. We can then take
H = H}7 and use the fact that % = H~.. In general, suppose that [ is the length
of the coding where [ = n. Then since (T, P) is also /-step Markov, we may
choose instead to work with the 1-step Markov process (T, Py™'). The partition H
generating & is a clumping of P;™.

Next we examine the non-stationary processes on fibers of a clumping factor.
Let I denote the set of integers {i!u =i<v}; and J, the set of integers
{i , v <i=w}. We get the following conditional independence statement di-
rectly from the Markov property: whenever E € T°P, FE 0(V.e:T'P), G €
0(ViesT'P) then (Vi TP L Vies T'P)enrnc- This easily proved fact may be
restated in the following form.

Lemma 4. If (T, P) is Markov and ¥ is a clumping factor, then (T,P) is
Markov conditioned on ¥*.

Next, as in ([3], [4]) we define the conditional Pinsker algebra.

DeriNiTION.  The Pinsker algebra # (T | #) of T relative to a factor & is given
by m(T|#)=ao(VIZTP v H)=),oo(VLTPv ).

One of the properties of the relative Pinsker algebra in this case is:

LemMmA 5. If (P, T) is Markov conditioned on ¥, then = (T l ) is measurable
with respect to % v P.

Proor. The Markov property of Lemma 4 shows that we have the following
conditional  independence: (VL.TPVHLVITPV H)pus. Hence
(w(T| %) L w(T | %))p . Thus =(T | ¥)CP v ¥.

Finally, we define one more property.

DEerFiniTION.  We say that a factor HZ. is maximal in entropy if whenever
HZ.C FZ. and h(H,T)= h(F, T) for a partition F then HZ.= FZ..
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As shown in the appendix to [3], for a factor # to be maximal in entropy is
equivalent to having an #-conditionally trivial Pinsker algebra of T. Moreover,
as in [3], either of these conditions implies that the main process is mixing
relative to #. Hence we have the following result:

THEOREM 2. If (T, P) is n-step Markov and ¥ is a finite coding factor which is
maximal in entropy, then ¥ splits off.

Proor. Direct from Lemma 4 and Theorem 1.
As a corollary we get the following generalization of Thouvenot’s result on
clumping factors of independent processes.

THEOREM 3. Every clumping factor in a Markov process with strictly positive
transition probabilities will split off.

ProorF. By Lemma 5 we have that #(T l HYC P v . Since rr(T[ X) is
invariant under T, and since each P state goes to each P state under T, # (T | x)
must have only one atom relative to #.

On the other hand, in the converse direction, observe that even if the original
process (T, P) is independent, where we certainly have non-zero transitions, the
reduction to the case of (T, P;"') may introduce zero probability transitions. In
particular, suppose that we consider a coding of length two on an independent
process with w (Ps) = u(P,) = 0.5. Let the coding output be A if the sum of the
last two P-outputs is even; B, if it is odd. The factor generated by this coding
partition does not split off since each fiber in {A, B}Z.. contains exactly two points
of the (T, P) process. Hence the factor is of full entropy, but does not generate. It
is therefore not maximal in its entropy class; and by the corollary to theorem 5 in
[4], it cannot split off.

What we now show is that the pathology in the preceding example is the only
kind possible for a finite coding factor of a Markov generator. If a finite coding
factor fails to split off, then it is relatively finite in another factor which either
generates or which itself splits off in the main process. (For an example of a very
weak Bernoulli generator which does not have this nice property, see [2].)

THeOREM 4. If (T, P) is n-step Markov and ¥ is a finite coding factor, then if
X does not split off, it must be relatively finite in a larger factor % which either
generates or itself splits off.

Proor. If the factor ¥ is not maximal in entropy, it is easy to see that there
exists a unique factor # containing % and having the same entropy as ¥ which
is maximal in entropy. Lemma 5 and the proof of Lemma 4 now show that the
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non-stationary process induced by (T,P) on a fiber of # is again non-
homogeneous Markov. We apply Theorem 1 to conclude that H either
generates or itself splits off.
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